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Let X1, ..., X, bei.i.d. copies of a random variable X =Y + Z, where X; = Y; + Z;, and Y¥; and Z; are
independent and have the same distribution as Y and Z, respectively. Assume that the random variables
Y;’s are unobservable and that Y = AV, where A and V are independent, A has a Bernoulli distribution
with probability of success equal to 1 — p and V has a distribution function F with density f. Let the
random variable Z have a known distribution with density k. Based on a sample X1, ..., X,, we consider
the problem of nonparametric estimation of the density f and the probability p. Our estimators of f and p
are constructed via Fourier inversion and kernel smoothing. We derive their convergence rates over suitable
functional classes. By establishing in a number of cases the lower bounds for estimation of f and p we
show that our estimators are rate-optimal in these cases.

Keywords: atomic distribution; deconvolution; Fourier inversion; kernel smoothing; mean square error;
mean integrated square error; optimal convergence rate
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1. Introduction

Let Xy, ..., X,, be i.i.d. copies of a random variable X =Y + Z, where X; = Y; + Z;, and ¥;
and Z; are independent and have the same distribution as Y and Z, respectively. Assume that the
random variables Y;’s are unobservable and that Y = AV, where A and V are independent, A has a
Bernoulli distribution with a probability of success equalto 1 — p and V has a distribution function
F with density f. Furthermore, let the random variable Z have a known distribution with density
k. Based on a sample X, ..., X,,, we consider the problem of nonparametric estimation of the
density f and the probability p. This problem has recently been introduced in van Es, Gugushvili,
and Spreij (2008) for the case when Z is normally distributed and Lee, Shen, Burch, and Marron
(2010) for the class of more general error distributions. It is referred to as a deconvolution for
an atomic distribution, which reflects the fact that the distribution of Y has an atom of size p
at zero and that we have to reconstruct (‘deconvolve’) p and f from the observations from the
convolution structure X = Y + Z. When p is known to be equal to zero, i.e. when Y has a density,

*Corresponding author. Email: shota@few.vu.nl

ISSN 1048-5252 print/ISSN 1029-0311 online

© American Statistical Association and Taylor & Francis 2011
DOI: 10.1080/10485252.2011.576763

http: //www.informaworld.com



1004 S. Gugushvili et al.

the problem reduces to the classical and much studied deconvolution problem, see e.g. Meister
(2009) for an introduction to the latter and many recent references.

The above problem arises in a number of practical situations. For instance, suppose that a
measurement device is used to measure some quantity of interest. Let it have a probability of
failure to detect this quantity equal to p, in which case it renders zero. Repetitive measurements
of the quantity of interest can be modelled by random variables Y; defined as above. Assume
that our goal is to estimate the density f and the probability of failure p. If we could use the
measurements Y; directly, then when estimating f, zero measurements could be discarded and
we could use the nonzero observations to base our estimator of f on. The probability p could be
estimated by the proportion of zero observations. However, in practice, it is often the case that
some measurement error is present. This can be modelled by random variables Z; and assuming
the additive measurement error structure, in such a case the observations are X; = Y; + Z;. Now
note that due to the measurement error, the zero Y;’s cannot be distinguished from the non-zero
Y;’s. If we do not want to impose parametric assumptions on f, then the use of nonparametric
deconvolution techniques will be unavoidable when estimating f.

Another example comes from evolutionary biology, see Section 4 in Lee et al. (2010): suppose
that a virus lineage is grown in a lab for a number of days in a manner that promotes accumulation
of mutations. Plaque size can be used as a measure of viral fitness. Assume that it is measured
every day and let the mutation effect on viral fitness be defined as a change in the plaque size. If a
high fitness virus is used, during any time interval in terms of mutations, then there are only two
possibilities: either (1) no mutation, or only silent mutation occurs, or (2) a deleterious mutation
occurs. Due to the fact that a silent mutation does not affect fitness, theoretically it will not change
the plaque size and hence the mutation effect is zero for the first case. Deleterious mutations, on
the other hand, will affect the plaque size. Since the distribution of deleterious mutation effects
is usually considered to be continuous, the distribution of mutation effects can be expressed as a
mixture of a point mass at zero, which corresponds to scenario (1), and a continuous distribution,
which corresponds to scenario (2). Presence of measurement errors (which can be assumed to
be additive) when measuring the plaque size leads precisely to the deconvolution problem for an
atomic distribution.

Deconvolution for an atomic distribution is also closely related to empirical Bayes estimation of
amean of a high-dimensional normally distributed vector, see, e.g. Jiang and Zhang (2009) for the

description of the problem and many references. In more detail, let X; ~ N(6;, 1),i = 1,...,nbe
i.i.d., where N (6;, 1) denotes the normal distribution with mean 6; and variance 1, and suppose
that based on X1, ..., X, the goal is to estimate the mean vector @ = (6, ..., 6,). This has

applications, e.g. in denoising a noisy signal or image. It is often the case that the vector 6 is sparse
in some sense in that many of ;s are zero or close to zero. The notion of sparsity can naturally be
modelled in a Bayesian way by putting independent priors IT; (dx) = plj=¢;dx + (1 — p) F(dx)
on each component 9; of 6, where 0 < p < 1 and F is a continuous distribution function. Note
that excess of zeros among 6;’s is matched by choosing the prior I1; that has a point mass at zero.
In the empirical Bayes approach to estimation of 6 the hyperparameters p and F of the priors IT;
are estimated from the data X1, ..., X,. This leads precisely to the deconvolution problem for an
atomic distribution.

A related problem is estimation of the proportion of non-null effects in large-scale multiple
testing framework, see, e.g. Cai and Jin (2010). In large-scale multiple testing, one is interested
in simultaneous testing of a large number of hypotheses Hy, ..., H,. Suppose that with every
hypothesis H; there is associated a corresponding test statistic X;. A popular framework for large-
scale multiple testing is the two-group random mixture model, where one assumes that each
hypothesis H; has a certain unknown probability 7 of being true (the approach is empirical Bayes
in its essence) and the test statistics X; are independent and are generated from a mixture of two
densities, X; ~ (1 — ) foun + 7 fa. Here 7 (the same for all i) is called the probability of null
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effects, fhun is the null density and f,y is the non-null density. Often f;,; is modelled as a density
of a normal distribution N (1o, 0), while the density f,;; is modelled as a Gaussian location-scale

mixture
00 N | X—u
Sa(x) =/ / —w( > dG(u, o),
o d—c0 O o

where ¢ is the standard normal density and G the mixing distribution which is assumed to be
unknown. Observe that 77 in this case plays a role similar to 1 — p in the deconvolution problem
for an atomic distribution. Estimation of the probability = and the mixing distribution G based
on Xy, ..., X, leads to a problem strongly related to the deconvolution problem for an atomic
distribution.

After these motivating examples we return to the deconvolution problem for an atomic dis-
tribution and move to the construction of estimators of p and f (our notation is as in the first
paragraph of this section). Because of a great similarity of our problem to the classical decon-
volution problem, one natural approach to estimation of p and f is based on the use of Fourier
inversion and kernel smoothing, cf. Section 2.2.1 in Meister (2009). In the sequel, ¢; will denote
the characteristic function of a random variable &. The Fourier transform of a function g will be
denoted by ¢,. Suppose that ¢ (¢) # O for all ¢ € R. Following van Es et al. (2008), we define
an estimator p,,, of p as

dt, ey

gn /”g” Bemp (1) Pu (gnt)
png,, = -

2 1/gs ¢z (1)

where a number g, > 0 denotes a bandwidth, ¢, is the Fourier transform of some fixed function (a
kernel) u chosen beforehand and genp (1) = n! Z;le ei’Xi isthe empirical characteristic function.
To make the definition of p,, meaningful, we assume that ¢, has support on [—1, 1]. This
guarantees integrability of the integrand in Equation (1). We also assume that ¢, is real-valued,
bounded, symmetric and integrates to two. Other conditions on u will be stated in the next
section. Note that p,, is real-valued, because for its complex conjugate, we have D,o = Dug, -
The heuristics behind the definition of p,,, are the same as in van Es et al. (2008): using ¢x (1) =
¢y (1)pz(1) and ¢y (1) = p + (1 — p)¢py (1), we have

1/gn 1/8n
8n Ox (1) (gnt) . gn/
2O dr = lim 22 Gy () (gnt) dt
/l/g,, ¢z(1) w02 i

lim =—
g.—0 2

gn 1/gn
= lim _/ pd)u(gnt)dt

502 Joyy,

g [V
+ lim 7/ (1 = p)or)pu(gnt)dt

=0 1/gn
= p,

provided ¢ ¢ (?) is integrable. The last equality follows from the dominated convergence theorem
and the fact that ¢, integrates to two. Note that this estimator coincides with the one in Lee
et al. (2010) when u is the sinc kernel, i.e. u(x) = sin(x)/(7x). The Fourier transform of this
kernel is given by ¢, () = 1;—1,17(¢). In general p,,, might take on negative values, even though
for large n the probability of this event will be small. In any case this is of minor importance,
because we can always truncate p,,, from below at zero, i.e. we can define an estimator of p as
p;’gn = max(0, p,,,). This new estimator of p has risk (quantified by the mean square error) not
larger than that of p,g, :

E, (Pl — P)'1 < Ep f[(prg, — P)*1-
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Remark 1 In order to keep our notation compact, in the sequel instead of writing the expectation
under the parameter pair (p, f) as E , /[-], we will simply write E [-].

Next we turn to the construction of an estimator of f. Let
ﬁng,, = max(—l + €, min(png,la 1 - En))v (2)

where 0 < €, < 1 and €, | O at a suitable rate to be specified later on. Note that | p,,,| < 1 — €.
Truncating p,,e, from below at —1 + ¢, and not at zero will make proofs of the asymptotic results
for an estimator of f somewhat shorter, although truncation at zero is still a valid option. As in
van Es et al. (2008), we propose the following estimator of f:

_ % i Pemp(1) — Dng, @z ()
Funogn () = 5 [ e 0= o )br® Gw (hat) dt, 3)

where w is a kernel function with a real-valued and symmetric Fourier transform ¢,, supported
on [—1, 1] and h, > 0 is a bandwidth. Note that f,; , (x) = fun,, (x) and hence fyp, 4, (x) is
real-valued. It is clear that p,,, is truncated to p,,, in order to control the factor (1 — ;3,,&)’1 in
Equation (3). The definition of f;, ¢, is motivated by the fact that

= - /°° X () = P2 (1)
v ) =Pl

cf. equation (1.2) in van Es et al. (2008). Thus, f,,,, is obtained by replacing ¢x and p by
their estimators and application of appropriate regularisation determined by the kernel w and
bandwidth . The estimator f,, ., essentially coincides with the one in Lee et al. (2010) when
both u and w are taken to be the sinc kernels. Again, note that with a positive probability f,, g, (x)
might become negative for some x € R, a little drawback often shared by kernel-type density
estimators. Some correction method can be used to remedy this drawback, for instance, one can
define ,f,;” ¢, (¥) = max (0, Juh,g, (X)), as this does not increase the pointwise risk of the estimator.
Note that this possible negativity of fy, ¢, cannot be remedied only by truncating p,,e, from below
at zero and then using this new estimator instead of p,,, in Equation (3). Observe also that ;;ln a
can be rescaled to integrate to one and thus can be turned into a probability density. An alternative
correction method to turn a possibly negative density estimator into a probability density is
described in Glad, Hjort, and Ushakov (2003). We do not pursue these questions any further.

In the present work, we assume that the distribution of Z is known. In practice, this is not
always the case. If the distribution of Z is totally unknown, then next to the sample X1, ..., X,
one typically will need some additional data in order to construct consistent estimators of f and
p. For instance, the case when additional measurements on Z, say Zi, ..., Z,,, are available in
the classical deconvolution problem with a priori known p = 0 is dealt with in Johannes (2009).
Furthermore, one can also consider the case when the distribution of Z is known up to a scale
parameter. The relevant papers in the classical deconvolution context are Butucea and Matias
(2005) and Meister (2006). Although conceivable in principle, extension of our results to these
cases is beyond the scope of the present work.

In the rest of the paper, we concentrate on asymptotics of the estimators p,g, and fup,e, . In
particular, we derive upper bounds on the supremum of the mean square error of the estimator
Dng, and the supremum of the mean integrated square error of the estimator f,;, ¢, taken over an
appropriate class of the densities f and an appropriate interval for the probability p. Our results
complement those in van Es et al. (2008), where the asymptotic normality of the estimators p,,,
and f, ¢, is established. However, the present results are also more general, as we consider more
general error distributions, and not necessarily the normal distribution as in van Es et al. (2008).

)
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Weak consistency of the estimators (1) and (3) based on the sinc kernel has been established
under wide conditions in Lee et al. (2010). Here, however, we also derive convergence rates,
much in the spirit of the classical deconvolution problems. Note also that the fixed parameter
asymptotics of the estimators of p and f were studied in Lee et al. (2010), in particular, the rate
of convergence of their estimator of f (but not of p) was derived. On the other hand, we prefer to
study asymptotics uniformly in p and f, since fixed parameter statements are difficult to interpret
from the asymptotic optimality point of view in nonparametric curve estimation, see, e.g. Brown,
Low, and Zhao (1997) for a discussion. Furthermore, in the case of estimation of f, we quantify
the risk globally in terms of the mean integrated squared error and not pointwise by the mean
squared error as done in Lee et al. (2010). We also derive a lowner risk bound for estimation of
/> which shows that our estimator is rate-optimal over an appropriate functional class. Our final
results are lower bounds for estimation of p. These lower bounds entail rate-optimality of p,g, in
a large class of examples.

The structure of the paper can be outlined as follows: in Section 2, we state the main results of
the paper. The proofs of these results are given in Section 3, while the Appendix contains several
technical lemmas used in Section 3.

2. Results

The classical deconvolution problems are usually divided into two groups, ordinary smooth decon-
volution problems and supersmooth deconvolution problems, see, e.g. Fan (1991) or Meister
(2009, p. 35). In the former case, it is assumed that the characteristic function ¢, of a random
variable Z decays to zero algebraically at plus and minus infinity (an example of such a Z is a
random variable with Laplace distribution), while in the latter case the decay is essentially expo-
nential (for instance, Z can be a normally distributed random variable). The rate of decay of ¢,
at infinity determines smoothness of the density of Z and hence the names ordinary smooth and
supersmooth. Here too we will adopt the distinction between ordinary smooth and supersmooth
deconvolution problems. The ordinary smooth deconvolution problems for an atomic distribution
will be defined by the following condition on ¢.

CONDITION 1 Let ¢pz(t) # O forallt € R and let
dolt|™P < |pz ()| as|t| —> oo, )

where dy and B are some strictly positive constants. Furthermore, let ¢z be integrable.

Remark 2 Note that the assumption of integrability of ¢, puts certain restriction on the tail
behaviour of ¢, and therefore implicitly on § too. In particular, in order that Condition 1 does not
lead to an empty assumption, we must have 8 > 1. Note that a lower bound on the rate of decay
of ¢z as in Equation (4) is needed in order to derive upper risk bounds for the estimators pg,
and fy,e,, cf. Fan (1991, p. 1260) and Meister (2009, p. 35). When deriving lower bounds for
estimation of p and f, Equation (4) has to be further refined by adding an explicit upper bound
on the rate of decay of ¢~, see below.

For the supersmooth deconvolution problems for an atomic distribution we will need the
following condition on ¢ .
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CONDITION 2 Let ¢pz(t) # O for all t € R and let
dolt|Poe™ 1Y < | (0)] as |t —> o0, )

where By is some real constant and dy, B and y are some strictly positive constants. Furthermore,
let ¢ be integrable.

Next we need to impose conditions on the class of target densities f.

CONDITION 3 Define the class of target densities f as

(o]
Z(a, K3) = {f:f |¢f<t>|2(1+|r|2“)dtsl<z}, 6)
Here a and K are some strictly positive numbers.

Smoothness conditions of this type are typical in nonparametric curve estimation problems,
cf. Tsybakov (2009, p. 25) or Meister (2009, p. 34). Some smoothness assumptions have to be
imposed on the class of target densities, because, e.g. the class of all continuous densities is
usually too large to be handled when dealing with uniform asymptotics. A possibility, different
from Condition 3, is to assume that f belongs to the class of supersmooth densities

o
X(a, y, Kz) = {f : / 67O exp(2ye|*) dr < K):} ,
—00

for some strictly positive «, y and Kx. The class X(«, y, Ky) is much smaller than the class
Y (a, K) and the estimators p,, and f,,, 4, Will enjoy better convergence rates in this case than
in the case when the class of target densities is X («, Ky), cf. Butucea and Tsybakov (2008a,b)
for a similar result in the classical deconvolution problem. In order not to overstretch the length
of the paper, we decided, however, not to cover this case in the present work.

Remark 3 In the sequel, we will use the symbols < and 2 to compare two sequences a, and b,
indexed by n, meaning respectively that a, is less or equal than b, for all n, or greater or equal,
up to a universal constant that does not depend on 7.

The following theorem deals with asymptotics of the estimator p,,, . Its proof, as well as the
proofs of all other results of the paper, is given in Section 3.

THEOREM 1 Let a function u be such that its Fourier transform ¢, is symmetric, real-valued,
continuous in some neighbourhood of zero and is supported on [—1, 1]. Furthermore, let

Gu(t)

t(){

!
/ ¢, (1)dt =2, <U forallteR, (7
-1

where the constant o is the same as in Condition 3, U is a strictly positive constant and fort = 0
the ratio ¢, (t)t~* is defined by continuity at zero as the limit lim;_.o ¢, ()t =%, which we assume
to exist. Then

(i) under Condition 1, by selecting g, = dn~"/?*+2P) for some constant d > 0, we have

sup E[(png, — p)2] < n=QatD/@a+26), )
f€S(@.Kx), pel0,1)
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(i) under Condition 2, by selecting g, = (4/y)1/ﬂ (log n)~V8 we have

sup E [(Pug, — P)*1 < (logn) =@ +V/E, ©)
feX(a,Kyx),pel0,1)

Thus, the rate of convergence of the estimator p,,, is slower than the root-n rate for estimation
of a finite-dimensional parameter in regular parametric models. For Theorem 1(ii) this is evident,
while for Theorem 1(i) this follows from Remark 2, which entails the fact that 2o 4+ 1 < 2 + 2.
However, see Theorems 4 and 5, where for a practically important case of a normally distributed
Z, as well as Z with ordinary smooth distribution, by establishing the lower bounds for estimation
of p we show that the slow convergence rate is intrinsic to the deconvolution problem and is not
a quirk of our particular estimator.

Remark 4 The function u in the statement of Theorem 1 will not be a probability density, not
even a function that integrates to one, and hence by calling it a kernel we somewhat abuse the
established terminology in kernel estimation. Note that condition (7) and the assumption o > 0
in Condition 3 preclude the kernel u from being the sinc kernel. We refer to van Es et al. (2008)
for one particular example of u that produced good results in simulations. Its Fourier transform
is given by

693
Gu(t) = ?[6(1 — ) 1y ().

Here ¢ = 6 and U = 693/8. An explicit, but rather complicated expression for u can be found in
van Es et al. (2008).

Next we will study the asymptotic behaviour of the estimator f,
integrated square error as a criterion of its performance.

Due to technical reasons, see the proof of Theorem 2, in the ordinary smooth case it is convenient
to split the sample X, ..., X, into two parts and next to base the estimator ﬁng” on the first part
of the sample only, i.e. on X1, ..., X|,/2, and to redefine f,,,, as

.z Of f. We select the mean

*© —itx ¢emp(t) - ﬁﬂgu

i) = 5 [ e e s bt (10)

where
Fomp() = ———— Z &'
emp n—\n/2] '
jln/2]+1
Thus ¢~)emp is based on the second half of the sample X1, ..., X, only. Note that IE [¢enp (£)] =

E [(f)emp (t)] = ¢x(t). From now on, we will assume that p,, and f,,,, are defined in this way in
the ordinary smooth case, but will retain the old definition in the supersmooth case. Splitting the
sample does not affect the convergence rate of f,,,, in the ordinary smooth case, but only the
constant factor in the upper bound on its mean integrated squared error. The general case without
sample splitting in principle can also be handled, but we anticipate longer and more technical
proofs, cf. the remarks at the end of the proof of Theorem 2. Since in the present work we are
only concerned with convergence rates, sample splitting does not lead to a significant loss of
generality.
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The following theorem holds.

THEOREM 2  Let a kernel u satisfy the assumptions in Theorem 1. Furthermore, let a kernel w be
such that its Fourier transform is symmetric, real-valued, is supported on [—1, 1] and

1
$uw(0) =1, |pu(t) — 1| < Wt|* forallt € R, / | (1)]> d < o0, (11)
—1

where W is some strictly positive constant. Moreover, let p € [0, p*], where p* < 1. Then

(i) under Condition 1, by selecting h, =d@m — |n/2])"VC*2+D for some d > 0,
gn =d|n/2|7 V2P and e, = (log3n)~", we have

sup E [ / oo(fnh,,g,, (x) — f(x))? dx} < n 2/ Cut2BED) (12)

feZ(a.Kx),pel0,p*]

where fup,,, is defined by Equation (10).
(ii) under Condition 2, by selecting h, = g, = (4/y)"/#(logn)~"# and €, = (log3n)~', we
have

sup E [ / Oo(fnh”gn (x) — f(x))* dx} < (logn) 2/, (13)

feZS(a,Kx), pel0, p*]

where fup, ., s defined by Equation (3).

Remark 5  As it will become clear from the proof of this theorem, without the assumption p* < 1
one cannot study the asymptotics of f,;, ¢, uniformly in (p, f)for p € [0, p*]and f € X («, Kx).
Since p* is allowed to be arbitrarily close to 1, from a practical point of view p* < 1 is not an
important restriction. Observe that one can also study the case when p* = p depends on the
sample size n and p} — 1 at a suitable rate.

Remark 6 'The condition h, = g, in Theorem 2(ii) is imposed for simplicity of the proofs only.
In practice, the two bandwidths need not be the same, cf. van Es et al. (2008), where unequal #,,
and g, are used in simulation examples. Also note that our conditions on %, and g, in Theorems
1 and 2 are of asymptotic nature. For practical suggestions on bandwidth selection for the case
when both # and w are sinc kernels, see Lee et al. (2010), where also a number of simulation
examples is given.

Remark 7 We refer to van Es et al. (2008) for one particular example of a kernel w. Any kernel
that is known to produce good results in the classical deconvolution problem can be used as a
kernel w. A relevant paper on the choice of a kernel in the context of the classical deconvolution
problems is Delaigle and Hall (2006), to which we refer for a discussion and more examples.

The upper risk bounds derived in Theorem 2 coincide with the upper risk bounds for kernel-type
estimators in the classical deconvolution problems, i.e. in the case when p is a priori known to be
zero, see Theorem 2.9 in Meister (2009). Naturally, a discussion on the optimality of convergence
rates of the estimators fyp, ¢, and p,g, is in order. Let f, denote an arbitrary estimator of f based
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on a sample X1, ..., X,. Consider

Ri=inf sup E [/oo(fn(x) — f(0)? dx] ,

fa fE€X,pel0,p*]

i.e. the minimax risk for estimation of f over some functional class ¥ and the interval [0, p*] for
p that is associated with our statistical model, cf. in Tsybakov (2009, p. 78). Note that

R:>inf sup E [/m(ﬁ(x)—f(x))zdx]

fa fET,p=0

The quantity on the right-hand side coincides with the minimax risk for estimation of a density f
in the classical deconvolution problem, i.e. when p = 0 and the random variable Y has a density
f. Using this fact, by Theorem 2.14 of Meister (2009) it is easy to obtain lower bounds for R,
but first we need to formulate two addition conditions on the rate of decay of ¢ at plus and minus
infinity. These two conditions correspond to the ordinary smooth and supersmooth deconvolution

problems, cf. Conditions 1 and 2.

CONDITION 4 Let ¢z be such that

d,

lpz (1) < SN ¢ ()] < forallt e R

1
1+ z|8

for some strictly positive constants d, and B.
CONDITION 5 Let ¢z be such that
b2 < dye 77|90 < die Y forallt e R
for some strictly positive constants dy, B and y.
The following result holds.

THEOREM 3 Let f, denote any estimator of f based on a sample X, ..., X, and let « >
Suppose that Ky, is large enough. Then

(i) under Condition 4 we have
o0 A~
inf sup  E [ f (f () = fx)? dx] 2 n2/ G2, (14)
fn feX(a,Kx),pel0, p*] —00
(i) under Condition 5 the inequality
o0 A
inf sup E [ / (f (@) = f(x))? dx} 2 (logn)~>/F (15)
Jo feX(a.Kx),pel0,p*] —00
holds.
These lower bounds are of the same order as upper bounds in Theorem 2. It then follows that
our estimator of f is rate-optimal under the combined conditions in Theorems 2 and 3. For a
discussion on the conditions in Theorem 3, see, Meister (2009, p. 35).

Derivation of the lower risk bounds for estimation of probability p appears to be more involved.
We will establish the lower bound for the case when Z follows the standard normal distribution.
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This is an important case, as the assumption of normality of measurement errors is frequently
imposed in practice. The following result holds true.

THEOREM 4 Let Z have the standard normal distribution and let p,, denote any estimator of p
based on a sample X1, ..., X,. Then

inf sup  E[(F — p)?] 2 (logn)~@H/? (16)
Pn feX(a,Ks),pel0,1)

holds.

A consequence of this theorem and Equation (9) is that our estimator p,,, is rate-optimal in
the case when Z follows the normal distribution.

The arguments used in the proof of Theorem 4 can be easily extended to the case when the
distribution of Z is ordinary smooth. Below we provide the corresponding statement in the ordinary
smooth case.

THEOREM 5 Let the characteristic function of Z satisfy Condition 4 for B > % Let p,, denote
any estimator of p based on the sample X1, ..., X,. Then

inf sup  E[(p, — p)*] Zam Cath/Cat2p)
Pn feX(a,Kx),pel0,1)

holds.

This theorem and Theorem 1(i) imply that under the combined conditions in Theorems 1(i)
and 5 the estimator p,,, is rate-optimal.
3. Proofs

Proof of Theorem 1  The proof uses some arguments from Fan (1991). To make the notation less
cumbersome, 1et sup ;. , = SUP sc5(q, k), peo,1) - We first prove (i). We have

SUpE [(Png, — P)*1 < SUp(E [png,1 — p)* + sup Var [, 1. (17)
fip fip fip
Observe that

IE [png,] — |—1_—”’/1¢ (—)¢(r>dr
Png, Pl = ) » 2 u

[l o) G )H(i—”)“w\wdf
J/ () () o[
\/—Uga+l/2 (18)

where we used Equations (7), (6) and the Cauchy—Schwarz inequality. Therefore,

sfup(IE [Pug, ] — P)* S ga™! (19)
P

IA

I /\

8 1[r;é01 ds
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holds. Furthermore, using independence of the random variables X;’s,

1g2 1gn (gt
Var [prg,1 = Z8nyy, [/ Qi X Gu(gn?) dti|
4 e $2(0)

2 1/gn 2
< lg_”E (/ ¢ eitXl ¢u(gnt) dl)
4n e $2(0)

102 [® Ven b (gut 2
= _g—"/ </ e”x—(p (g )dt> q(x)dx,
4n J_ oo \Jo1yg, dz(1)
where ¢ is the density of X;. Note that

qm=—/e“wmesZ/meKw

2 J_o

where we used integrability of ¢,. Therefore

2 poo /g0 p 2
Var [pug, 1 < 52 / ( / ix Pul8nl) dt) dx
n J_oo \J-1/g, oz (1)

2

_Lgfwm@n
2 n )|z (—1)
1

2

Gu(1)
¢z(—1/8gn)

by Parseval’s identity. This inequality and an argument as in Fan (1991, p. 1266) entail that

_ 1o
_27'[11 -1

1
sup Var [pye, 1 S —5 (20)
fip ngn

Formula (8) is then a consequence of Equations (17), (19), (20) and our specific choice of g, in
@).

Now we prove (ii). Since the first term on the right-hand side of Equation (17) can be treated
as in the ordinary smooth case (in particular, Equation (19) holds), we concentrate on the second
term. Using independence of the random variables X;’s,

11 L (1
Var [p”g”] = Z_Var [/ eltxl/gn& dtj|
n

-1 oz(t/gn)
1 2
Sll</ 00 m). @1
dn \J_1|pz(t/gn)

By the same arguments as in Fan (1991, pp. 1265-1266), one can show that
f ()
—119z(t/8n)

where the constant C’ does not depend on n. In either case, because of our choice of g,, the
right-hand side of Equation (22) is of order o(n'/?). This and Equation (21) imply that

(22)

) Clel/tveh if Bo > 0,
= C/g,/foel/(ygf) if Bp <O,

sup Var [p,,, ] = o(n_1/3).
fip

The latter together with Equations (17) and (19) and our choice of g, in (ii) proves
Equation (9). |
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Proof of Theorem 2 We use the shorthand notation sup s , = SUp yc 5 (4. k5), pefo, p+] - BY Fubini’s
theorem and the standard squared bias plus variance decomposition we have

sup [ / (fnhngn(x)—f(x))zdx} < sup / E [ fung, ()] = f(x))* dx
Ip —00 P J—00

o0
+sup/ Var [ fun,q, (x)]dx
fip /=

=T+ T>.

Keeping in mind the remarks surrounding Equation (10), let

e L[ e B0 )
fnhn (x) = ) /OOC 0 dt

in the ordinary smooth case, while

£ _i = —itx¢emp(t)¢w(hnt)
fnr = o | e PRl o

in the supersmooth case. Introduce

fnh ()C) p

fnh,l( )—
-p 1-p

W, (X), (23)

where wy, (x) = (1/h,)w(x/h,). We first study T, i.e. the supremum of the integrated squared
bias. By the c;-inequality, it can be bounded as

7 S sup / E [ fo, ()] = F()) dx
+sup / E [ fune, () — fon, (D2 dx

=T+ Ty

By Parseval’s identity and the dominated convergence theorem

o0 1 o0
/ E [ fun, )] — f(x))*dx = 7 f £ (1)1 () — 117 dt

o 1 *© o |¢w(hnt) - 1|2
=5 / |¢)? |¢f<t>|2W1[,¢mdr

S

Here in the second equality, we used the fact that ¢,,(0) = 1. The dominated convergence theorem
is applicable because of Condition 3 and Equation (11). Hence T3 < h2* in view of the fact that
f € E(a, Ky). Itis also straightforward to see that in fact sup i3S < h “. We deal with 7. B
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the c,-inequality

00 A 2 a0
2 Png, — P 2
| Bl = f ) dx 5 (E [ T e p)]) | oy as

*© 2 (ﬁng,l - P) :|)2
E | fun ~ d
+/_oo( [f“(x)(l—pngn)a—p) *

=T5+ Ts.

Note that
o0 1 o0
/ (wp, (x))*dx = h_/ (w(x))?dx < oo,

because by our assumptions and Parseval’s identity w is square integrable. We first consider Ts.
By the Cauchy—Schwarz inequality we have

i o0 2 (ﬁngn — p)2
5= ﬁm(w(”)) duls [(1 (= p>2]

With our choice of the smoothing parameters /,, and g, it follows from Lemma A.2 of the Appendix
that sup,, . 75 < g2*. Now let us turn to Tg. By the Cauchy—Schwarz inequality

(ﬁng,l - P)2 i| /oo ~ 2
fo=® [(1 = a1 —p | ] I GV

By Lemma A.2 of the Appendix the first term in the product in the above display is of order g2*+!.

The same holds true for its supremum over f and p. Hence it remains to study the second factor
in the above upper bound on 75. We have

/ E[(fon, (x))]dx = / Var [ fo, (0] dx + / E [fo, (0D dx

=T+ T;.

Let the function W, is defined by

1
Wn(x)=i/ e_i”‘Mdt
2w J_ ¢z(t/hy)

Note that by independence of X;’s

1 o X—Xl 1 o )C—Xl 2
T7 = % . Var Wn hn dx < % _OOE Wn hn dx

in the supersmooth case, and

1 o .X—Xl 2
e e (0 (52)) ]
(n—Ln/2Dh3 J o hn
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in the ordinary smooth case. Then by Fubini’s theorem

1 o oo XxX—3s 2
neoe | [ (% (57)) s asas
1 o oo x—s\\>
“iz [ (e (557)) e
1 o0 o0
= / / (W, ()2 dxg(s) ds

1 6P
= —d
nln, /_1 b2t/ )2

in the supersmooth case, and

T < 1 fl |u (D)
(n = [n/2Dhy J-1 1§z (t/ h)?

in the ordinary smooth case. Here we used the fact that g, being a probability density, integrates
to one, as well as Parseval’s identity. The integrals in the last equalities of the above two displayed
formulae can be analysed by exactly the same arguments as in Fan (1991, pp. 1265-1266). Thus

1

W if Z is ordinary smooth,
nny

L 2som) 7

T S Py Vi if Z is supersmooth and By > 0, (24)

n n
p2bo1 ,
e h)if 7 is supersmooth and By < 0.

n

The same order bounds hold for sup, , 77 as well. As a consequence, sup . , 77 — 0. Let us now
study 7g. By Parseval’s identity and the fact that |¢y (¢)| < 1, we have

2

() 1 1/hy )
Ts =/ <—/ e oy () (hnt) dl) dx
—0 21 —1/h,

1 ¢}
- E[ by () (hut) P11 o1y (1) dt

11! )

—— w ()| dt
e 71|¢()|

1

hy

IA

)

S

where the last line follows from our assumptions on w. It follows that sup, , Ty < 1/h,. Com-
bination of the above bounds on sup,, 77 and sup,, T3 entails that sup, , T¢ < g2%, where we
also used the fact that g, < h,,. Therefore T}, as well as T}, i.e. the supremum of the integrated
squared bias, is of order h2%. For the ordinary smooth case this gives an upper bound of order
n~2¢/Ca+28+1) on Ty, while for the supersmooth case an upper bound of order (log n)~2%/#,
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Now we turn to 75, i.e. the supremum of the integrated variance. We have

f wmmmumn=/ Var [fon, g, (5) = fon, () + fon, ()] dx

S /ZVar [fan, ()] dx + /:Var [fhg, (X) = fun, (x)]dx
= Ty + T,

where we used the fact that for random variables & and n
Var [§ +n] < 2(Var [§] + Var [n]).

Since Ty up to a constant is the same as 75, cf. Equation (23), the term sup fip Ty can be bounded as
before, see Equation (24). We consider Ty. Let i, be as in Equation (A1) in the proof of Lemma
A.2 of the Appendix. Then

Tip < / E[(fanng, (X) = fun, (x))zl[lﬁ”gnfp|>¢,,]]dx

o0

+/ E [(fanngn () = Fan, G114, —pi=yyi] dx

o0

=T + T

By the ¢;-inequality

1 S (Pre, — P) i|
T S — w(x))? dxE 18 lis ot
1S h, /;w( (x)) |:(l — Png,,)z(l _ p)z [| Prgn —P1>Vn]

el (Pug, — P)?
+ /_OOE [(fnhn(x))z(l — ;ni )2(‘1”_ p)zl[ﬁngn_pbm] dx

2

= T3 + Tia.
Since Ti3 < by, e, 2 sup, ¢ P(|png, — pl > W), which follows from the fact that
(Png, — P)* _2d - )+ 2p*

(1= pug,)* (A =p)* = €X(1 = p*)?

by Lemma A.3 of the Appendix with our conditions on %, and €, it certainly holds true that
sup, r T13 < h?*. As far as T4 is concerned, by Fubini’s theorem and Parseval’s identity

)

(ﬁngn B p)2

(1 = pue)2(1 — p)2 ll\ﬁngn—lil>1/fn]/ (fnhn (x))z dx]

ngn —00

(Pug, — P)? 1/m|%mawamnﬁ ]
=E s —plsy1— d
[a—ﬁmﬂa—pﬂlmﬂmmbn_w bz OF

_ L2 P
S 2y oo 1970 )2

T14=E[

dr P(|ﬁng,, - P| > wn)

Hence
< 1 3
Tl4 ~ 62 hiﬁ-H P(|pngn - p| > Wn)

n
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in the ordinary smooth case, and
1
€
1

o2
n

p R .
iCZ/(yhn) P(|png,, —pl>¥n) if By > 0,
Ty S
28012/ vh) P15 i
e P(1png, — Pl > ¥m) if Bp <O

in the supersmooth case, cf. Fan (1991, pp. 1265-1266). Similar order bounds are true for
sup,, s T4. Again by Lemma A.3 and our conditions on /4, and €,, we have sup o f Ty < hﬁ”‘.
To complete establishing an upper bound on T}, it remains to study 77,. As in the case of Ty,
by the c;-inequality
(Png, — p)’ Liis :|
(1 _ ﬁng,,)z(l _ p)2 [1 Pngn — P1=¥n]

” ; (Png, — P)*
+/_OOE [(fnh”(x))z(1 _ﬁ; o p)zlwm,pl%] dx

holds. By Lemma A.1 of the Appendix the first term on the right-hand side is up to a constant
bounded by (1/h,)g2*"" and hence is of order g2*. The same is true for its supremum over
p and f. As far as the second term is concerned, in the supersmooth case it is bounded by
W2 [ E[(fun, (x))*]dx. It follows from the upper bounds on sup ».r Trand sup,, Ty that in the

supersmooth case we have sup,, 7> < h2%. As far as the ordinary smooth case is concerned,

T, < hi /m(w(x))z dxE |:

*° o (ﬁn n P)Z
/;ooE I:(fnhn(-x))z (1 _ [3,:; )2(1 _ p)2 ll‘ﬁrzg,,7p|EWIl] dx

_ /OOE [(fnh”(x)f] dxE [ (Png, — P)

2
~ | TP
—oo (1 = Pug,)>(1 — p)? [Png, Pl_wn]:|

holds. This is precisely the place where we use independence between fnh (x) and p,,, implied
by sample splitting, cf. the remarks around Equation (10). Then in this case too sup,, » 712 < h%.
Had not we used the sample splitting trick, in the above display we would have to apply the
Cauchy—-Schwarz inequality apparently leading to rather lengthy computations.

Combination of the bounds on sup o f Ty, and sup o f T\, implies that sup fip T < hi"‘. The
bounds on and sup fip Ty and supy , To induce the bound on 7,. The statement of the theorem
then follows from the bounds on 7 and 7>. |

Proof of Theorem 3 The result is a straightforward consequence of Theorem 2.14 of Meister
(2009). ]

Proof of Theorem 4 A general idea of the proof can be outlined as follows: we will consider two
pairs (p1, f1) and (p2, f>) (depending on n) of the parameter (p, f) that parametrizes the density
of X, such that the probabilities p; and p, are separated as much as possible, while at the same
time the corresponding product densities ¢ and g5 of observations X1, ..., X, are close in
the x2-divergence and hence cannot be distinguished well using the observations X1, ..., X,.. By
Lemma 8 of Butucea and Tsybakov (2008b) the squared distance between p; and p, will then
give (up to a constant that does not depend on n) the desired lower bound (16) for estimation of p.

Our construction of the two alternatives (pp, f1) and (pa, f2) is partially motivated by
the construction used in the proof of Theorem 3.5 of Chen, Delaigle, and Hall (2010). Let
A = A+ 8%T1/2 where A > 0 is a fixed constant and § | 0 as n — o0. Define p; = e~ and
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note that p; € [0, 1). Next set ¢, (1) = e~ "l and observe that this is the characteristic function
corresponding to the Cauchy density g (x) = 1/((1 + x?)). Finally, define

¢f1 (t) = (e)‘l‘pm ) _ 1)

eM — 1

Denote by W; the i.i.d. random variables that have the common density g; and by N, the
random variable that has Poisson distribution with parameter A;. Then the function ¢, will be the
characteristic function corresponding to the density f} of the Poisson sum ¥ = Z;vi‘l W; ofiid.
W;’s conditional on the fact that the number of its summands N,, > 0, see Gugushvili (2008, pp.

14—15). Note that we have an inequality

Aet
901 = 5190, (O,

cf. inequality (2.10) in Gugushvili (2008, p. 22). Keeping this inequality in mind, without loss
of generality, we can assume that Ky is already such that ¢;, € X(a, K5/4). Otherwise, we
can always consider ¢, (1) = e~ 'l with a fixed and large enough constant o’ > 0, so that o €
Y (a, Ky /4).Itis notdifficult to see that the fact thata’ # 1 will not affect seriously our subsequent
argumentation in this proof. Next define the density ¢g; corresponding to the pair (p;, f1) via its
characteristic function

G (1) = (p1 + (1 = P, (1))e ™"/

and remark that it has the convolution structure required for our problem.

Now we proceed to the definition of the second alternative (p,, f>). SetA, = Aand p, = e~
The fact that p, € [0, 1) follows from the fact that A > 0. Let H be a function, such that its Fourier
transform ¢y is symmetric and real-valued with support on [—2, 2], ¢y () = 1 fort € [—1, 1]
and ¢y is two times continuously differentiable. Such a function can be constructed, e.g. in the
same way as a flat-top kernel in Section 3 of McMurry and Politis (2004). Define

A2

Gg, (1) = g, (1) + (1),
where the perturbation function 7 is given by

a+1/2

T(t) = "

(@5 (1) — Don (81).

We claim that for all n large enough ¢,, is a characteristic function, i.e. its inverse Fourier transform
&> is a probability density. This involves showing that g, integrates to one and is nonnegative.
The former easily follows from the fact that

/ §2(x) dx = ¢y, (0) = ¢, (0) = 1, (25)

[ee]

since T(0) = 0 by construction and ¢,, is a characteristic function. As far as the latter is concerned,
we argue as follows: observe that g, is real-valued, because ¢, is symmetric and real-valued.
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By the Fourier inversion argument

]

1
sup|g2(x) — g1(x)] < 2—/ |z()|dt — 0
X T J_

[e.¢]

as n — 00, by definition of T and because § — 0. Since g, being the Cauchy density, is strictly
positive on the whole real line, provided » is large enough it follows that

&(x)>0, xeB, (26)

where B is a certain neighbourhood around zero. Next, we need to consider those x’s, that lie
outside this certain fixed neighbourhood of zero. We have

1 .
820x) = —— /_OO e <¢g1 () +
1 %) 8a+1/2 5(14—1/2 8a+1/2
eitx ((1 + >¢gl (1) = =g, (1) + ——— (g, (1) — 1)¢H(8t)) dr

a+1/2

(1) — 1>¢H<st)> ar

T om

8a+1/2 at+l/2 [ y
=11 — - t 8t) — 1)dr
< + P )gl(x)Jr . om _Oce tg, (1) Py (81) — 1)

5a+1/2 1 oo
A 21
=Ti(x) + Tr(x) + T5(x).

e Xy (81) dt

Both T(x) and T5(x) are real-valued by symmetry of ¢, and ¢y and the fact that these Fourier
transforms are real-valued. Consequently, g, itself is also real-valued. Since g; is the Cauchy
density and § > 0, the inequality

Ti(x) = L 27)

714 x?
holds for all x € R. Assuming that x # 0 and integrating by parts, we get

1 8a+1/2 1
Ih(x) =

vt =3 IO LR
1 et g ‘
= e[, (1) (@1 (61) — DY dr.

ix )\.2 27T R\[—8~1,6-1]

Applying integration by parts to the last equality one more time, we obtain that

8a+1/2 1

1 .
hx) =3 e g, (D (P (81) — D]"dt,

)\.2 2 R\[—8-1,6-1]

which implies that
1 !/
ITa(x)| < 5 C8F/? / (e, (1) (P (1) — )]"] dt,
X R\[-5-1,6-1]

where the constant C does not depend on x and n. Since § — 0 and the first and the second
derivatives of ¢y are bounded on R, it follows that

1
Ty ()] < — C'se 12 / e d,
X t>61
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where the constant C’ is independent of n and x. In particular,
rsatija L
IT2(x)] = C'8 el (28)

for all n large enough. Finally, using integration by parts twice, one can also show that for x # 0

1 80{+5/2 1 o) .
T =— — X (8t) dt
0= gy | e R en
and hence
1
IT5(x)| < C”S“”/z;, (29)

where the constant C” does not depend on 7 and x. Therefore, by gathering Equations (27)—(29),
we conclude for all n large enough and all x € R the inequality

gx)=Ti(x)+Thx)+T3x) =0

is valid. Combining this with Equation (25), we obtain that g, is a probability density.
Now we turn to the model defined by the pair (p,, f>). Again by the argument of Gugushvili
(2008, pp. 22-23),

kze

A2
1|<l>g2(t)|-

el —

lpp ] <

Note that by selecting o in the definition of ¢,, (1) = el Jarge enough and A large enough,
one can arrange that f, € ¥ (o, Kx), at least for all n large enough. Without loss of generality,
we take o’ = 1. Set

Gr (1) = (P2 + (1 = P2, (1))e™" 2.

This has the convolution structure as needed in our problem. Hence both pairs (p1, f1) and (p2, f2)
belong to the class required in the statement of the theorem and generate the required models.
It is easy to see that

|p2 — pil < §°F1/2 (30)

as § — 0, where < means that two sequences are asymptotically of the same order. Consequently,
by Lemma 8 of Butucea and Tsybakov (2008b) the lower bound in Equation (16) will be of order
82¢+1 provided we can prove that nx?(g,, g;) — 0 as n — oo for an appropriate § — 0. Here,
x2(q2, q1) is the x?2 divergence between the probability measures with densities ¢, and ¢, i.e.

oo _ 2
X2(612,6]1) :/ de’
—00 6]1(X)

see Tsybakov (2009, p. 86).
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Note that we have
qi(x) =e M)+ (1 —e™) fi % p(x),

where ¢ denotes the standard normal density. Let §; denote the first element of the sequence
8 =46, | 0. Then

fix) =" gi"(x)P(N;, =n|Ny, > 0)
n=1

> g1(x)P(N;, =1|N,, > 0)
P(N;,, =1)
1= P(N,, = 0)

a+1/2
—1—88

=g1(x)

re

= mgl(x),

cf. Gugushvili (2008, p. 23). It follows that for all x

_ _ 4 _satl/2
G0 = (L —e™) fixpx) = kare ™ gi(lx| + A) = c81(1x| + A) €2y

for some large enough (but fixed) constant A > 0. Here, the constant x4 = f_AA k(t)dt. The
inequalities in Equation (31) hold, because

(I—e™fixeplx) = —e‘“)/ filx —De@)dt

_p_satl2 °
> e g1(x — e(r)de

oo

gt A
> e g1(x = e(r)dt
—A

+1/2

> g1 (x| + Are 0 iy

by positivity of g; and k and the fact that the Cauchy density is symmetric at zero and is decreasing
on [0, 00).

Now we will use Equation (31) to bound the x2-divergence between the densities ¢, and ¢;.
Write

oo _ 2
xz(qz,ql):/ (q2(x) — q1(x)) dx

00 q1(x)
_ /A (g2(x) — q1(x))? dx+/ (q2(x) — q1(x))? dx
—A q1(x) R\[—A4,4] q1(x)
=S5+ 5.

Using Equation (31), for S; we have

1 o0 o0
< / (@2(x) — 1 (x))*dx = c5 4, / (g2(x) — q1(x))*dx,
cpinfiy<a g1(x) J_oo s
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where ¢, g, > 0 is a constant. By Parseval’s identity the asymptotic behaviour of the integral on
the right-hand side of the last equality can be studied as follows:

o0 1 o0
f @) — i) dx = / (B0 (1) — 6, (O
1

2 R\[-5-1,6-1]
1
2 R\[—56-1,671]

e 2@ (=D _ ki@ 0-D2 g

e 18912 (g, (1) — DP1 — g (81) | .

Using this fact and boundedness of ¢y on the whole real line, we get that

oo

/ (g2(x) — q1(x))*dx < 82! / e dr < 820217,
- 1/8

Thus, by taking 8§ = cs(logn)~!/2 with a constant 0 < ¢; < 1 we can ensure that the right-hand

side of the above display is o(n~") and consequently also that S; = o(n™!).
Next we deal with S,. By Equation (31) and Parseval’s identity we have that

( ) < C), 1
X —_—— .
D = T (x| + A2
Therefore by Parseval’s identity
$ S / (g, (1) — g, (D] dt + / |, (1) = g, (1)* .
R\[-§-1,671] R\[-81,671]

Exactly by the same type of an argument as for S}, after some laborious but easy computations, one
canshow that S, = o(n™ 1), provided § < (log n)~ /2 with a small enough constant. Consequently,
with such achoice of §, wehaven x 2 (g2, q1) — 0asn — oo and the theorem follows from Lemma
8 of Butucea and Tsybakov (2008b) and Equation (30). |

Proof of Theorem S 'We use the same alternatives (p;, f1) and (p,, f») asinthe proof of Theorem
4. One needs to show that the x2-divergence between the corresponding probability densities ¢,
and ¢, is of order O (n~"). The arguments used in the proof of Theorem 4 go through and for that
end it suffices to show that

/ |6, (1) = $g, ()P dt = O(n™") (32)

and that
/ (g, (1) — by (1)) [*dt = O(n™). (33)

Observe that for these two integrals to be finite, we need that § > %, cf. the argument below. We
have

00
(1) — (1) zdl‘ — 2(1) 2 ekz(tﬁgz(l)—l) _ ell(%, )—1) 2dt
q2 q1
o0 R\[—5-1,6-1]

= / Iz ()1218% 12 (g, (1) — DI*|1 — ¢y (81)]* dt.
R\[-8~1,671]

Now change the integration variable in the last equality from ¢ to s = §,¢ and use the fact that for
all s > 1 and for 8, small enough by assumption on ¢ it holds that |¢,(s/8,)||s/8,1% < d, to
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conclude that the left-hand side of Equation (32) is of order 8;° . Selecting 8, = n~!/¢+2) then
yields Equation (32). A similar argument works in case of Equation (33). We also remark that the
condition on ¢/, given in the statement of the theorem is needed to treat Equation (33). Application
of Lemma 8 of Butucea and Tsybakov (2008b) as in Theorem 4 concludes the proof. ]

Appendix
LEMMA A.1  Let p* < 1 and let p,g, be defined by Equation (2) (with py, defined by Equation (1)). Under the same
conditions as in Theorem 1 (i), we have

SUP El(ng, — p)P) S G/,
feX(a.Kyx), pel0, p*]

while under conditions of Theorem 1(ii) the inequality

sup E [(Png, — P)*1 S (logn)~ G +D/P
feX(a,Kx), pel0, p*]

holds.

Proof of Lemma A.1  Introduce the notation sup ., = SUp fex (o, k), pel0, p*] - L€L 7 be so large that p* < 1 — €,, which
is possible, because p* < 1 and €, | 0. Then '

E [(Pugy — P)*1 < E[(pug, — P)*1-

This and Theorem 1 entail the desired result. |

LEMMA A.2  Under the same conditions as in Theorem 1 and provided €, = (log 3n)7L, the inequality
A N2
sup E [—(’f”g” 3 ?) 2] < gt
feX(a,Kyx),pel0, p*] 1 - png,,) a-p

holds.

Proof Introduce the sequence
4 1/8 a+1/2
Vn = 100/KsU {(y) <1ogn)—'/f‘} (A1)

and note that ¥, = 100/ Kx U h,a,ﬂ/ % in the supersmooth case, i.e. in the setting of Theorem 1 (ii). The constants in the
definition of v, are rather arbitrary, but they suffice for our purposes. Note that on the set {|p,g, — p| < ¥,,} for all n
large enough the inequality

|1_ﬁngn| >1 _P*_‘//n
holds, because ¥, — 0. We have

(ﬁng,, - p)2 _ (ﬁng,, - P)2 .
E [(1 _ ﬁngn)Z(] _ p)z] =E [(] _ ﬁng,,)z(l — p)2 l[lpngnfplillln]

(ﬁ"é’u - P)2
e [mluﬁng,, — Pl V]

S El(Pg, — )°1

1 .
+ 2 P(‘png,, - P| > 1>bn)
€

n

2a+1
< &

1 .
+ 7P(‘Pngn - pl > ¥,
En

where in the last inequality we used Lemma A.1 and Theorem 1. It is easy to see that for all f € X (o, Kx) and p € [0, p*]
the constants in this chain of inequalities can be made independent of a particular f and a particular p. Then applying
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Lemma A.3 and taking supremumover f € X(«, Kx)and p € [0, p*] on the right-hand side of the last equality establishes
the desired result, because

sup( P(|pug, — p\>wn>)=o(gﬁa“>
p.f

holds under our conditions on €, and g,. [ |

LEMMA A.3  Define the sequence r, by Equation (A1) and let €, = (log3n)~!. Let Png, be defined by Equation (2)
(with pyg, defined by Equation (1)). Under the same conditions as in Theorem 1 (i) we have

o 1
sup P(|Png, — Pl > ¥n) S 5 exp(—const x ng,,ﬁ) +exp( const’ x w,%g,zlﬁ ),
feS(a,Kx),pel0, p*] Yngn

while under those in Theorem 1 (ii) it holds that

o/

sup P(lﬁngu —pl> v S

B B
exp (—const x nefz/”/g")> + exp(—const’ x y2e=2/ &) y)
feX(a.Kx),pel0,p*] n

for the case when By > 0, and

Boal/(veh)
e n B
sup P(|Pug, — Pl > ¥u) S gn® T exp(—const x ng;, 2P0e=2/(rsn))
feZ(@.Kx),pel0,p*] Y

p
+ exp(—const x 2 g 2P0e=2/ V&) p)

for the case when By < 0. Here, const and const' are some universal constants (not necessarily the same in all three
cases) independent of particular n, p € [0, p*land f € E(a, Kx).

Proof In this proof, we continue numbering of the terms from the proof of Theorem 2, because it is the proof of Theorem
2 where this lemma finds its primary use. Observe that

P(Ipng, — Pl > ¥u) < PUE[Pug,] = Pl > ¥n/2) + P Png, — E[Png, 1l > ¥n/2)
=Ti5+ Tie.

We have

|E [ﬁngn] - p‘ S ‘E [pngn] - P\ + |IE [ﬁng,l - pngn]l
<|E [Pﬂgn] - P\ + E[(1—€, — pngn)]lp,,gn>l—5”]]|
+IE[(=1 4 €n — Prga) ipug, <—1+en1]l

FUg‘””z

+EH1 —€p — Pngn“[p,,g”>l—en]]
+EH —1l+e — Png,l“[p,,gn<—1+€nl]
=Ti7 + Tis + Tho.

We put the study of 77 aside for a while and consider the other two terms. Since Tg and Tj9 can be studied in the similar
manner, we consider only 77g. Our goal is to show that T3 (and by extension 7T9) is negligible in comparison to 777. We

have
1 1gu@)l )
Tig < 1+E,1+7/ —————dt | P(ppg, > 1 —€,).
a ( 2 )1 ez /gn] :

The right-hand sides in both cases of the ordinary smooth or supersmooth Z are of smaller order than 777, which can be
seen by employing the arguments from Fan (1991, pp. 1265-1266) used to bound the integral on the right-hand side of
the above display and by the exponential bounds on P(p,g, > 1 — €,), which we formulate separately in Lemma A.4.
With our conditions on g, these bounds imply that sup f Tig is of lower order than T'7. The same is true for sup,, ¢ Tio.

As a consequence, sup,, ¢(T1g + Ti9) < T17 for all n large enough. Thus 715 = 0, provided n is large enough, because
Ti7 < /4 for all n large enough, and in fact sup,, » 7js = 0 for all n large enough.
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It remains to study 7Tj6. We have

TIG < P(l[angn - p:gnl > %) +P<|pngn _E[fng,,]l > Wn>

< P(lﬁng;l - p:gnl > 1&)1) +P<|pngn _E[gng,,]l > Wn>

+P(|E[png,l] _E[[;ngn]l > 1&)1)
8

=Ty + T21 + T22.

Notice that

Ton <P 1 —e, — pngnll[p,,gn>l—s,l] > Y,
20 = 3
+P | -1+ €p — pngnll[pngn <—l+e;] > Wn
3 .

We consider, e.g. the first term on the right-hand side. It is bounded by

8 L[ 1gu® )
— (1l —€, + = —————dt | P(p, 1—¢,).
w( € +2L 62 /g &) P Pren > 1= en)

Next, as we did above, we use the order bound on the integral on the right-hand side, cf. Fan (1991, pp. 1265-1266), and
the exponential bounds on P(p,g, > 1 —€,) from Equations (A2) and (A3) from Lemma A.4 to bound the first term in
the upper bound on 7. Similar reasoning applies to the second term in the upper bound on 75g. There we use Lemma
A.5. These bounds give the first term on the right-hand side of the three different formulae in the statement of the lemma.

To bound 73, we apply the exponential inequalities from Lemma A.6. The terms on the right-hand side will then give
the second terms in the three formulae on the right-hand side in the statement of the lemma.

Finally, we turn to T»,. Our goal is to show that there exists n” independent of p and f, such that for all n > n’ we
have T, = 0. It holds that

|E [Pngu] - E[ﬁngn]‘ = E”Pngn -1+ 6"‘1[Pngn>175n]]
+E[lprg, +1— €n|1[png,, <1-e1)-

As the arguments for both terms on the right-hand side are similar, we consider only the first term. We have

LY 1gu@)
E[1Pngy — 1+ €nllipng, ~1-en1] < (1 +e,,+—/ _eO

P(pug, 1—¢,).
2 ) ez/gn ) (Prgy > 1= én)

By Lemmas A.4 and A.5 and the argument of Fan (1991, pp. 1265-1266) the right-hand side is negligible compared to
¥, and it follows that T»; is zero for all large enough 7. In fact n’ can be found, such that this holds true uniformly in p
and f for all n > n’. Gathering all the above bounds entails the statement of the lemma. [ |

LEMMA A4 Let pyg, be defined by Equation (1). Under the conditions of Theorem 1 (i) we have

sup P(Pug, > 1 —€n) S exp (—const x ngyzlﬁ) , (A2)
pel0,p*], feX(a.Kx)

while under conditions of Theorem 1 (ii) we have

8
exp(—const x ne~2/(v8n)) if fo = 0,
sy, P >1-¢€) < A3
el0, p*], Ez oK (Prgy W . ~260 ,~2/(veh)y )
pel0.p*l. feE(@.Kx) exp(—const x ng, 'e~2¥sn)y if By < 0.

Here const is a universal constant independent of particular n, p € [0, p*]and f € Z(«, Kyx).
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Proof We have

P(pngn >1— 6n) = P(png,, - ]E[png,,] >1— €n — ]E[png,,])
< P(‘pngn - E[pngn]l >1— €p — ]E [png,,])

_ " —X; _ " —X; (I —e€ — ]E[pngn])
=P ;U( ) E ;U( ) >

8n &n

where

1b L du®
U, - itx d
0= o /f b7 (t/em

Under the conditions of Theorem 1 (i) we have

[Un(x)] < ¢l
nX)| = 5= 3,
2m gf
while under those of Theorem 1 (ii) the inequality
C/
2iel/(ygfb if B > 0,
LACOTIER s

" By .
—ghoel/ven) if gy <0
2
holds. Here C, C’ and C” are some constants independent of n. By Equation (18) we have

1
|E [png, 1| < |E[png, ] — pl+p < p*+ sz Ugat/2, (A4

By taking ng so large that for all n > ng

1
P*+EVK2U‘§Z+1/2<1_% (A5)

holds, one can ensure that uniformly in f and p, 1 — €, — E[pyg,] > O for n > ng. Then by Hoeffding’s inequality, see
Lemma A.4 of Tsybakov (2009, p. 198), we obtain

2
2(1 — €y *E[Png,,]) ng,z,ﬁ)

P(pug, > 1 —€,) <2exp (— 2

for the setting of Theorem 1(i), and

l—¢,—E 2

2exp (_2( €n (C/)Z[pngn D ne—Z/(ygf)) if By > 0,
P(ppg, > 1—€,) < 2

" A= —Elpne, D 280 _2/00efy)
2exp (_2%,&% Boe—2/(ven) if Bo <0
for the setting of Theorem 1(ii). Since
1
I —en —Elpug, 12 1—€ —p* = ﬁ\/Kng::“/Z >0 (A6)

for all n large enough and uniformly in f and p, see Equation (A4), there exists a constant const independent of
n, p €0, p*land f € X(0, Kx), such that

SUp P(ppg, > 1 —€,) < exp(—const x ngﬁﬁ)
p.f

for the setting of Theorem 1(i), and

B .
exp(—const x ne~2/(rsn)) if Bp > 0,
P 1-— <
s)u}) (Pnga > 1—€n) S o
p, 2exp(—const x ng, e~ “/WEn)) if By < 0

for the setting of Theorem 1 (ii). This concludes the proof. |
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LEMMA A5 Let pyg, be defined by Equation (1). Under the conditions of Theorem 1 (i) we have

sup P(pug, < —1+€,) < exp(—const x ngﬁﬁ),
Pel0,p*], feX(a,Kx)

while under conditions of Theorem 1 (ii) we have

]
exp(—const x ne~2/(vgn)) if Bo = 0,
_sup P(pug, < —1+€) S YN N
pel0.p*]. feS(@.Kx) exp(—const x ng, e~ &)y if By < 0.

Here const is a universal constant independent of particular n, p € [0, p*]l and f € X(a, Kx).
Proof The proof is analogous to the proof of Lemma A.4 and is therefore omitted. |

LEMMA A.6  Let ppg, be defined by Equation (1). Under the conditions of Theorem 1 (i) we have

sup P(Ipng, — Elpng, )| > ¥a/8) S exp(—const’ x y2ng2h), (A7)
pel0,p*, feX(a,Kx)]

while under conditions of Theorem 1(ii)

B
sup P(1Pngy — Elpug,]l > ¥/8) S exp(—const’ x yrZne? sn)) (A8)
Pel0,p*, feX(a,Kx)]

holds. Here const’ is a universal constant independent of particular n, p € [0, p*] and f € T(a, Kx).

Proof These inequalities can be established by using Hoeffding’s inequality in the same way as the exponential bounds
on P(ppg, > 1 —€,) from Lemma A 4. | |
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